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Around 1906, as a response to Betrand’s Russelligsw ofLa Science te I'HypothesElenri
Poincaré launched an attack on the movement toal@enthe foundations of mathematics
reducing it to logic. The main point is the followg the universality of logic is based on the
idea that their truth is independent of any contegluding epistemic and cultural contexts.
From the free context notion of truth and proofoilows that, given an axiomatic system,
nothing new can follow. If mathematics is reducilide logic, then there is no place for
creation. Philosophers would express this in thiewiong way: logical proofs are analytic,
that is provide no new information beyond the thengsses or axioms; but mathematics does
provide information: mathematics is thus synthatid hence different of logic

The dilemma seems to be linked to the notion oherattical rigour

1) Mathematics is perfectly rigorous because alitiferences used in mathematical
proof are of a purely logical character,

2) Mathematical proofs are not merely logical iefezes. Furthermore, conclusions of
mathematical proofs can, and often do, constituiensions of the mathematical
knowledge represented by the premises

One of the main strategies of Poincaré’s solutmthts dilemma is based on the notions of
understandingand of grasping the architecture of the propositions of mathematics:
mathematic rigour does not reduce to “derive byhdiithout gaps from axioms;
mathematical rigour is; according to Poincaré, alpdinked to the ability to grasp the
architecture of mathematics and contribute to atereston of the meaning embedded in
structure that constitute the architecture of matecal propositions. The focus of my talk
relates precisely to the notion of architecture @nednotion of understanding. | will suggest a
diachronic and synchronic reconstruction of theamoof architecture - the latter considers the
architecture as a cultural object. Actually whatill try to do is to link Poincaré’s arguments
against the logicians with his pafex science et les humanitésf 1911 where he argues that
the development of the ability to grasp the arcites (intuition) must be studied as the result
of the refined ability of understanding acquiredrbgans of the practice of humans sciences
in a given culture.

To expresses it bluntly, according to Poincaré,hemiatics is intimately related to culture
because it is about the construction of a struabfinelations between propositions and this
structure is not universally given; but developedhin the cultural conventions of a

community.

1 The Problem and Poincaré’s solution: Rigour in Matlkematics and Rigour in
Logic

In a manner reminiscent of Kant’'s opening rematkshe First Part of the Transcendental
Problem of the Prolegomena, Poincaré openScience et I'Hypotheseith these words:



«La possibilité méme de la science mathématiquélsemme contradiction insoluble.
Si cette science n’est déductive gu’en apparenod, Idi vient cette parfaite rigueur
gue personne ne songe a mettre en doute? Si, dwaitentoutes les propositions
gu’elle énonce peuvent se tirer les unes des auiegsles régles de la logique
formelle, comment la mathématique ne se réduitggke a une immense tautologie ?
Le syllogisme ne peut rien nous apprendre d’esskgrient nouveau et, si tout devait
sortir du principe d’identité, tout devrait s’y raner. Admettra-t-on donc que les
énoncés de tous ces théoremes qui remplissendéanblumes ne soient que des
manieres détournées de dire que A est ASi.l'on se refuse a admettre ces
conséquences, il faut bien concéder que le raismené mathématique a par lui-
méme une sorte de vertu créatrice et par conséguemse distingue du syllogisme »

“La vérification differe précisément de la véritebdémonstration, parce qu’elle est
purement analytique et parce quelle est pureménmilest Elle est stérile parce que la
conclusion n’est que la traduction des prémissasdm autre langage”.

Poincaré [1902], p. 9-13

The dilemma seems to be linked to the notion oherattical rigour

1) Mathematics is perfectly rigorous because alitiferences used in mathematical
proof are of a purely logical character,

2) Mathematical proofs are not merely logical iefezes. Furthermore, conclusions of
mathematical proofs can, and often do, constituensions of the mathematical
knowledge represented by the premises

Important is to see that with this formulation weul like to avoid to reduce Poincaré’s

point to the trivial remark that the axioms of methatics are indeed not logical but

everything else follows logically from them. It k®that Poincaré links mathematical rigour
with mathematical understandiray mathematical insighfperspicacité et pénétration), that is
topic-specific knowledge. It is not by leaving sogaps in a demonstration that qualifies it as
non rigorous but because of lack or mathematicsigit (perspicacité et pénétration) or
understanding of the mathematical object.

Moreover, Poincaré formulates this as a generatapiological problem. Poincaré idea is
that given a set of mathematical axioms, the imfees of the mathematicians have a
distinctive epistemological feature which distinghes it from the inferences drawn by a
logician from the very same axioms. Leaving by dide qualification of synthetic to the
inferences drawn by the mathematician and of aicabjtthose drawn by the logician is that
the notion of knowledge involved is different. Thetion of knowledge involved by the
mathematician is strongly linked with understandihg mathematical field while the notion
of the logician is so to say contextually indeparidén other words, knowledge of a body of
mathematical propositions, plus mastery over tlogiical manipulation, does not amount to
mathematical knowledge either of those propositionf the propositions derived from

them.

It really looks as Poincaré is aiming at a muchevgeneral epistemological point that has too
close links with Kant, namely, that different kil sciences might have a proper way of



inference and because Frege’s Russell's logic sed@n a general notion of inference this
makes it, on Poincaré’s view; trivial.

But what is this mathematical understanding orginsi(perspicacité et pénétration) of the
mathematical object? How is this achieved? Heramcaré less precise and makes use of
three notions that triggered important developmeramely: the notions of

e construction,
* intuition
e system or architecture.

The leading idea here is of system. Once more di&amopic: Each science has its own
architectonic or system that consists on non ldgiedations between propositions.
Knowledge of this architecture is knowledge to proslthese relations and create new ones,
here does Poincaré speakiofuition. A mathematical proof is related to establishr li
between the architecture in which the premissesearBedded and the architecture of the
conclusion. Poincaré calls this type of knowledmeuition”. Different to Kant Poincaré does
not think that this architectonic is given a priatiis a synthetic process by which the system
is constructedVoila here we have the three notions mentioneveab

Certainly though challenging this is not precisewgh, let me know briefly mention what
Brower and the intuitionists made of these remarks.

2 The structure of the domain and the Intuitionisticinterpretation

Let me express the intuitionistic interpretationl dnrther development of Poincaré’s remarks
beyond perhaps his own ideas in the following w&gnt's great contribution consisted in
realizing not only that mathematics as every othelence has its own characteristic
architectonic that systematizes it but also thatheraatics has a special structured domain.
On this, view, the domain of mathematics is beitrgcsured by time. Thus mathematical
objects are constructions and rigorous inferencestl@gose that always keep track of the
construction of the objects the propositions inedhare about. Brower interpreted Poincaré’s
appeal tointuition of the structureof the domairas experienceof the mathematical object,
meaning: the experience of constructing the olgestake.

In this framework, the proof by mathematical indoicthas central place: it is the most typical
way of proving adequate to mathematical constrastid’roof by mathematical induction is
precisely Poincaré’s most cherished example ofj@ous mathematical inference that is not
logical but purely mathematical.

Despite Brower's own sceptical attitude towardsidegntuitionistic logicians, particularly
Ardent Heyting, went a step forward and dared tecdbe a logical system that carries the
structure of the domain to the structure of theppsitions.

For the first time a logical system was not seety @s pure logical relation between
propositions but as relation where the epistemigesu is introduced. Logical relations are
not seen as being established by logical conseguént by inference, where inference is the
relation between propositions but between judgemerand judgements carry the
epistemological structure of the domain. Thaths, formal structure of inferences should be



based on the constructions of the domain. In otleeds, mathematical objects are the result
form constructions and this applies to proofs fhime thus structured the domain of objects
and the inferential relations between judgementsis Thas as consequences that some
venerable logical axioms and logical proofs basedhmse axioms will fail, namley; third
excluded; double negation and indirect proofs aghia absurdum.

Notice that the development of a logic that clabm$¥e based on the idea of the structure of
the domain seem to work against not only of Browért also against Poincaré’s rejection of
logics as describing mathematical proof.

The development of an inference system that caimiés structure the structure of the system
of mathematics was linked too to some remarks ohdaoé where he compares the
knowledge of the winning strategy in a chess ganith the knowledge of the way to
construct a proof. In analogous way that it is enbugh to know that there is a winning
strategy to win the game, it is not enough to kninat there is a proof to say that
mathematical proof has been performed. We musbleeta show how to construct this proof.
A proof beyond our abilities to construct it is mbof at all. Intuitionistic epistemologists
linked this idea to the challenge of the truth a®ig: a truth beyond our abilities to find it can
not provide the foundations of the notion of infere. It is rather the other way: human
playable or reachable proof provides the foundaioime notion of inference and truth.
Michael Dummett, developed intuitionistic logic ana general conception of logic beyond
mathematics and antirealism was born. Dummett amtikida brought into the discussion
Wittgenstein’s language games that provided a npoeeise framework to work out the
notion of human playable. Indeed if language gaaresto work as a benchmark for the
studying language and even to function as meaniegiators between language and world,
these games have to be humanly playable games. miypayable language games were
linked by the dialogical and the game theoreticatlition of Hintikka to Poincaré’s and the
intuitionists notion of a humanly constructible pfo

Now is that the end of Poincaré’s epistemologicaijgrt? Was Poincaré with the words of
Brower a pre-intuitionist like Borel and Lebesguéovmotivated or pre-announced the
intuitionistic movement and we should go furthervathout him? Interesting is that Poincaré
did not in fact claim against any particular lodiGav, but rather insisted in the notion of
inference in a system and as developing the systearchitecture. Let me now push this idea
forward.

3 Towards a new epistemology: Structures and Modality

On my view; the very point of Poincaré’s argumagainst the logicians is that systems of
sciences are not only a set of propositions relatetbgical consequence. There are other;
extralogical or metalogical relations which builtetstructure of the corresponding science.
The structure of these propositions might indeedbdsed on the structure of the objects the
propositions of that science are about, like initiaitionistic interpretation. But the idea is
more general than that and I think it could be ustd®d when related to the recent structural
approaches to modal logic

According to my reading Poincaré has a double esjsatthe first strategy consists arguing
from philosophy to mathematics and the second fraathematics to philosophy. From the



first strategy it results that mathematics is maan act, a construction and from this point of
view it is synthetic. From the second strategg iam object, the result of the construction and
from this point of view it is analytic and can beng in abstraction of the context where this
construction was achievede. | will talk here mafréhe first strategy.

It is important to notice this: conditions are médconframes or structuresAlthough
models are what we deal with most often, framey pl@entral role. Let us recall the well
known definitions of modal propositional logic

DEFINITION : Model, Frame, Truth

* A model <W,Ry> for modal propositional logic consists of
1. a non empty set W of positions (traditionally imtestedc as possible worlds; contexts
or scenarios: like temporal states, states of métion etc.)
2. abinary relation R on W calleatcessibility relation
3. a valuation functiorv which assigns a truth valuéa) to each propositional letter of
the propositional language in each positiddwW

* A set W with a suitable accessibility relation aled aframe or structure Thus given a
frame <W,R> we can turn it into a model by the #ddi of the valuation functiomw.
Moreover any given frame can be turned into a aoé different models, depending on
the valuation function which is added. For a franmy establishes the positions we are
dealing with and fixes which are accessible fromciwhA valuation is needed to establish
what is the case in each of the possible posittmsin general there will be many ways
to do that. Each of this ways is a model estabighihe factual conditions under which
our logical explorations will take place. The fram@ provide the basis of anyone of a
variety of such factual conditions.

The truth definition of modal logic tell us whatrfioulae are true in what wi of any given

model. The valuation function gives us the valueshe propositional letters and the truth

definition extends this to the complex formulaeeTdifference of this truth definition to the

classical case is that the truth is here madeveltd the value of the positions in the structure
of the model at stake. Furthermore the evaluat®ma@pendent too on the interrelations
between the given positions in that structure.

And here we are, modal logic displays the intetr@abetween inference and structure. in
such a way that each structure yields it's ownarobf inference. Moreover, one can at the
object language level display axioms that desctibe structure, usually given at the
metalngage level. This is called frame validitythis framework we would say that Poincaré
is searching for those inferences the result ottvidiescribe the structure. The modern modal
logician would say; that Poincaré is searchingdioject language laws to characterize frame
validity.

We should then distinguish between the logic of thedel; that is, driving the logical
consequences within the structure, what Poincamghimivant to call the purely logical
manipulation of the propositioria the structure (that amounts to truth in a modeiy the
use of propositions at the language level to diesdtie structure in which this propositions
are embedded (truth in the frame).



Here we are assuming that the structure is givew; fet us drop that assumption. The point
is then is the following. Let us assume that beeanfstopic-related knowledge, including
perhaps some no complete knowledge of the struatwelved, we take that a given
proposition is true and even valid, but we do renteha complete description of the structure.
Then we could ask the following question: how sHothlis structure be completed or how
should it be if the given proposition has to beidialhis will takes us to a kind of inverse
logic or structural abduction, that were developedently in Lille and called: structural
seeking games. These kind of inverse logic or &iratabduction; seems to be related to the
notion of inverse mathematics of Harvey Friedmahatwvould be for example the minimal
higher order conditions to define the continuunaagries of Cauchy?

analitico sintético

In this field there are many others results appganowadays at a breathtaking pace. Let me
mention one linked to the notion of human playalibme of the main motivations of
researches on modal propositional logic is thas &ble to manipulate in structures with a
dedicidable logic important fragments of first as&tond order logic that are not decidable!!
These parts called the guarded fragment of logichea described and studied in decidable
logical framework. One is tempted to say that thgsarded fragments are the ones that are
humanly playable.

But what about the domain? What happens if we wdkédto describe the structure of the
domain. At this point we meet the famous Barcamidae that in the philosophical tradition
regulate the passage from possibility to existantdrom the pureluy structural point of view
descirbe one patrticular structure of the domain.

If the propostional frame is extended with a suuetwhere the domains of each position at
the structure are (at least) decreasing then tbgaga from possibility to existence is assured:

S (AX)Px—(Ix) o Px

If the domains are not decreasing (and not constiaemh the formula does not hold. Moreover
if the domains are at least increasing the inv@a&an formula holds. That is the inverse
Barcan formula describes at the object languagel %o to say constructive property of the
domain.

(Ax)oPx — <o (IX)Px
Certainly if both hold then there is no construetithe domain is constant!

Now, does not the latter hold too for intuitionfsst order logic? The point is here that the
Barcan formulae describe the structure of the donradependently of the structure of the
propositions! We have, as a way to describe theagtomvithout touching the validity of any
logical law, in the sense that no special propeftyhe accessibility relation is assumed. A
delicate case is the case of that version of tine &xcluded in the framework of an increasing
domain. That is, if the domain is increasing, asnsed to be assumed by the constructive
notion of the structure of the domain of the intuitsts and Poincaré, the validity status of the
following follows:



(AX) o (PxVv-Px)—<(Ix) (PxV-Px)

Moreover,

& (IAX) (PxVv-Px) — (IX)o(PxVv-Px)
holds too in an increasing domain

The point here is that quantifiers and non-modarators are ‘local’. Up to know; Poincaré’s
notions of intuition, structure and human playabEem to be somehow related to the
intuitionistic interpretation. This is even the wtne history took. Furthermore the notion of
human playable has been more and more deepenedtaciiing to bounded rationality and
computability. Oddly enough the creative élan; thenanity part of the project seems
nowadays more and linked to development of waysfudlfy automating proof search.
Nowadays conception of the notion of human playakkms to be understood as perfomable
by machines!. One gets the feeling that this iswloat neither Poincaré nor Brower were
seeking for when they talked about intuition aneativity.

Unfortunatlely the remarks of Poincaré and Brower far from clear in this respect and the
connections with the general epistemological ptojather loose. | will thus in the next
paragraph suggest some other possible sense i whigtion and human playable could be
linked and will leave for further research or otlheore perspicuous philosophers the task of
putting all the pieces of the epistemological pazelyether.

4 Verstehen und Erklaren and the only human playable

Let us assume that we would leave mathematicsiasnd develop some kind of method of
drawing inferences. Whatever the method is thistbase formulated in the framework of
higher order logic. Now, this method might ablentechanize some routine steps but do not
substitute for mathematical knowledge, Poincaré ldvaalk of “intuition”. The choice of
which predicat abstract to use during an applicabd universal rule really contains, in a
compact form, the very essence of a standard matieahargument. The point is that this
indivdual choices cannot be described by a geradgarithm, where this choice could be
regulated as an instance of general logical caskeed the method of search for a given
solution cannot be generalized to an infinite nundfecases. In other words the choice can
not be understood as the subsumption to a gersvalWe might be tempted to say in such
framework we are not in face of an explanation riatther of understanding (verstehen): the
solution has to be found for the particular casstate. Creativity might be understood as the
way to find such a solution though a general atborito find the solution can not be in
general be provided

Astonishingly, though machines can not find a sotythuman can and quite frequently find
such kind of solutions. Let me take two exampleg of logic and the other of mathematics.
For the former example | formalize with the helpsetond order logic; the proof that actually
students, with some knowledge of modal logic, fifdhe second example embodies the
principle behind many diagonal arguments in mathimsa

Let me use my favourite proof-system, namely diaksgy Actually | will not use the standard
dialogues but a version that for the cases undeudsion can be easily read with other proof

systems in mind. Tak€-formulae asT and P as false for example &-formulae as left



fromulae of a sequent calculus @dormulae as the formulae at the right of a sequéng
dialogical framework might help to see the pointttid “only human playable”. Indeed.,it is
the proponents choices; who can not be put in@algorithm and requires a creative move:

Example 1: Let us think of the atomic formiX as telling us thalP is true at position¥,
andR(X,Y)as sayingy/ is a position accessible fro¥a Then

VYRX,y) -Py

corresponds t6? being true at every position in the structure asitge fromX, and hence to

/7P being true at positiorX. Thus[J] P — P is true at the positiorx corresponds to
( VYR(x.y) - Py)-Px

P {VP(VX(VYRX)Y) —Py) -Px} - VxRX,X 0

O VP (VX(VYRX,Y) —Py)-PX) 1

P vV XR(X,X 2

0. 3
P R(ki ki) 12
P? AzRKi,2) 4

Here we meet the crucial choice: Proponent migbbsh between an
infinite  number of predicate abstracts and therends general
algorithm to tell us which to take. Now, with sorkeowledge the
Proponent will choose a two places predicate aftswiéh a lambda
bounded variable dependents on thé¢he value of which will be
chosen by the Opponent.

0 VXx(VyRX,y -[Az.Rki,2]y)-[Az.Rki,2)]x 5
P ? 6
O (VyRkiy) -[Az.Rki,2)]y) -[Az.Rki,2)]ki 7
P (VyRky) -[Az.Rk2)]y) 8

now to subdialogues are opened

If the Opponent responds
O [Az.RKi,2)]ki 9
The Proponent will ask to instantiate with ki and win with move 12:



P i? 10

Recall: Actually because of the particle rule of lamdaheat first order
level the player has no real option when he chgdsna lamda
operator. He has to attack with the constant timeenaf the predicate
applies to

O R(Ki ki) 13

If the Opponent responds with
0,°? 11*
the Proponent wins with the following sequence oves:

P R(kikj) —[Az.Rki,2)]Kj 12*
0O R(ki,kj) 13*
P [Az.Rki,2)]k 14*
0, ? 15*
P R(ki,kj) 16*
Example 2:

Suppose there is a way of matching subsets of setld with members oD. Let us call a
member ofD associated with a particular subset a code fdr ghbset. It is required that
every member oD must be a code and nothing can be a code for thare one subset,

though it is allowed that some subsets can have than one code. Then, some subsdbof
must lack a code (Cantor’s theorem follows frons}hi

Let us formulate this in the following way, I®&(X,y) represent the relation: y is in the

subset that has x as its code; s¢/.R(X,y) represents the set coded By Then the
following second order-sentence does the job

(VR)@EX)(VX) =[R(X,y)= XI}

Or in more logical terms: that is, without identity

(VR)Y@EX) (V) FYN[ROX,Y)A =X(y)] V [=R(X,y)A X(y)]}

Here the start of the proof:

P (VR)(EX) (VX)AYHIR(X,Y)A =X(Y)] vV [=R,y)A X}



o V/.?

P (3X) (VX)EYHIPOGY)A =X (Y] v [=POGY)A XV}
0 1?

P - (VX)(Ay){[P(X,Y) A= <> xX.=P(x,x)>(y)] V
[AP(X,Y)A <X Xx.=P(x,x)>(y)]}

The key feature in the proof is the use»of.— P(x,x). This, in fact is the heart

of diagonal arguments and amounts to looking atttlection of things that do

not belong to the set they code. The choice ofahsract is at the centre of the
required mathematical knowlegde. Everything elsenéchanical. It is the nee
for such choices that stands in the way of fullyoawating higher-order proof

search.

On my view the whole movement triggered by Poincamél Brower relates to one deep

epistemological point: the core result of the bmiddof mathematics and logic were achieved

by means of the creative effort of human imagimatidathematics and logic are creation in

the same sense that art is. The challenge to tumitierstand the epistemological implications

of this point are still there and they do not sderstop to fascinate and puzzle us again and
again.



